Abstract. The aim of this paper is to classify compact, simply connected Kähler manifolds which admit totally geodesic, holomorphic complex homothetic foliations by curves.
0. Introduction. The aim of the present paper is to classify compact, simply connected Kähler manifolds (M, g, J) , dimM = 2n > 2, admitting a global, complex homothetic foliation F by curves which is totally geodesic and holomorphic. A foliation F on a Riemannian manifold (M, g) is called conformal if
⊥ where α is a one form vanishing on T F ⊥ . A foliation F is called homothetic if is conformal and dα = 0 (see [V] , [Ch-N] ). Complex homothetic foliations by curves on Kähler manifolds were recently classified locally in [Ch-N] . Let D be a distribution determined by a foliation F . By E we shall denote the (dim M − 2)-dimensional distribution which is the orthogonal complement of D in T M . If X is a local unit section of D then {X, JX} is a local orthonormal basis of D and the function κ = (div E X) 2 + (div E JX) 2 does not depend on the choice of X. It turns out that κ = (n − 1)|α|. We classify compact, simply connected Kähler manifolds admitting a global, complex homothetic foliation F satisfying the conditions U = ∅ where U = {x ∈ M : |α| = 0}, i.e. if α does not vanish identically. First we show that (M, g, J) admits a global holomorphic Killing vector field with a Killing potential, which is a special Kähler potential. Next we use slightly generalized results of Derdzinski and Maschler [D-M-1] , [D-M-2] . Our results rely heavily on the papers [D-M-1] , [D-M-2] . As a corollary we prove that every compact, simply connected Kähler manifold admitting a holomorphic, totally geodesic homothetic foliation with α x0 = 0 at least at one point x 0 ∈ M is a holomorphic CP 1 -bundle over Hodge manifold, M = P(L) where L is a holomorphic line bundle with curvature Ω = sΩ N , where s = 0 and Ω N is the Kähler form of (N, h, J) . The leaves of the foliation are the fibers CP 1 of the bundle. If α = 0 then M is a product of a Riemannian surface and a Kähler manifold. The result was partially proved in [J] and for the completeness we cite some of the calculations and proofs from [J] in our present paper.
MS Classification: 53C55,53C25. Key words and phrases: Kähler manifold, holomorphic foliation, homothetic foliation, special Kähler-Ricci potential, special Kähler potential Typeset by A M S-T E X 1 1. Principal field. Let (M, g, J) be a 2n-dimensional Kähler manifold with a 2-dimensional J-invariant distribution D. Let X(M ) denote the algebra of all differentiable vector fields on M and Γ (D) denote the set of local sections of the distribution D. If X ∈ X(M ) then by X ♭ we shall denote the 1-form φ ∈ X * (M ) dual to X with respect to g, i.e. φ(Y ) = X ♭ (Y ) = g(X, Y ). By Ω we shall denote the Kähler form of (M, g, J) i.e. Ω(X, Y ) = g(JX, Y ). Let us denote by E the distribution D ⊥ , which is a 2(n − 1)-dimensional, J-invariant distribution. By h, m respectively we shall denote the tensors h = g • (p D × p D ), m = g • (p E × p E ), where p D , p E are the orthogonal projections on D, E respectively. It follows that g = h + m. By ω we shall denote the Kähler form of D i.e. ω(X, Y ) = h(JX, Y ) and by Ω m the Kähler form of E i.e. Ω m (X, Y ) = m(JX, Y ). For any local section X ∈ Γ(D) we define div E X = tr m ∇X ♭ = m ij ∇ ei X ♭ (e j ) where {e 1 , e 2 , ..., e 2(n−1) } is any basis of E and [m ij ] is a matrix inverse to [m ij ], where m ij = m(e i , e j ).
Let η(X) = g(ξ, X) and Jη = −η • J which means that Jη(X) = g(Jξ, X). Let us denote by κ the function
The function κ does not depend on the choice of a section ξ. In fact, if ξ ′ = aξ +bJξ, where a, b ∈ C ∞ (domξ) and a 2 + b 2 = 1 is another unit section of D, then Jξ ′ = −bξ + aJξ and
Hence κ is a well defined, continuous function on M , which is smooth in the open set U = {x : κ(x) = 0}. We shall now show that on U there is a smooth, global unit section ξ ∈ Γ(U, D) defined uniquely up to a sign such that div E Jξ = 0. Namely, if ξ ′ is a local unit section of Γ(U, D) then then the section ξ =
)) = 0 and does not depend on the choice of ξ ′ . On the other hand it is clear that the only other such smooth section is −ξ. The section ξ constructed above and defined on U ⊂ M we shall call the principal section of D (see also [G-M] ). Note that div E ξ = κ.
Complex homothetic foliations.
We start with (see [V] 
holds on T F ⊥ where α is a one form vanishing on T F ⊥ . A foliation F is called homothetic if is conformal and dα = 0.
In the rest of the paper we assume that dimF = 2 and F is complex, which means that for an associated distribution D we have JD = D. Let us write α(X) = g(ζ, X).
Then div E Jζ = 0, div E ζ = (n − 1)|α| 2 , which means that in U the field ξ = 1 |α| Jζ is the principal field. Let η = ξ ♭ . Note that κ = (n − 1)|α|. If we assume that F is totally geodesic then d E |α| = 0 i.e. d|α|(X) = 0 if X ∈ E. In fact ([Ch-N] 
Proposition 2.1. Let a foliation F on a Kähler manifold (M, g, J) be totally geodesic, holomorphic complex homothetic foliation by curves. Then in U dη = 0, ∇ ξ ξ = 0, d ln |α| = −(|α| + p * )η, dp * ∧ η = 0,
Proof. The distribution ∆ = {X ∈ T U : η(X) = 0} defined in U is integrable. From (2.1) it follows that ∇η(JX, JY ) = ∇η(X, Y ) for X, Y ∈ Γ(E). If we take X = ξ, A = ∇ξ in (2.1) then we obtain
for any X, Y ∈ Γ(E). On the other hand since dα = 0 we get
Consequently, since D is totally geodesic, we obtain
where ∇ ξ ξ = pJξ. It is also clear that
Thus the distribution E |U is the so called
we also have p = g(∇ ξ ξ, Jξ) = 0 and consequently ∇ ξ ξ = 0, dη = 0. In fact from (2.4) we get dp ∧ η ∧ Jη + |α|pη ∧ Ω = 0, and consequently p = 0 in U = {x ∈ M : |α| = 0}. From (2.5) we obtain 
dτ (x) = 0} and let F be a foliation on U given by the integrable distribution V. Then F is a totally geodesic, holomorphic complex conformal foliation. We have α = 2
where by M we denote the eigenvalue of the Hessian H τ corresponding to the distribution H = V ⊥ and Q = g(∇τ, ∇τ ).
Proposition 3.1. Let X = J(∇τ ) be a holomorphic Killing field on a Kähler manifold (M, g, J) . Then X is an eigenfield of the tensor H τ if and only if
for a certain function Λ, which is then an eigenfunction of H τ .
Proof. Since X is a holomorphic Killing field then (M, g, J) .
Proof. We have to show that dα = 0 where α = 2 M Q dτ . Since dQ = 2Λdτ it is equivalent to dM ∧ dτ = 0. On the other hand d∆τ = 2ρ(∇τ, .) since ∇τ is holomorphic and ∆τ = −g(g, ∇dτ ) = −(2Λ + 2(n − 1)M ). Hence dM ∧ dτ = 0 if and only if ρ(∇τ, .) ∧ dτ = 0 which means that ∇τ is an eigenfield of the Ricci tensor ρ.♦ Remark. It follows that compact Kähler manifolds admitting special Kähler-Ricci potential described in [D-M-1] , which are holomorphic CP 1 bundles over Kähler Einstein manifolds, give examples of totally geodesic, holomorphic complex homothetic foliation by curves. The leaves of the foliation are the fibers CP 1 of the bundle.
If a Killing field X has a special Kähler potential then the distribution V = span{X, JX} is totally geodesic. In fact ∇ X X = ΛJX = −∇ JX JX i ∇ X JX = J∇ X X = −ΛX. Now we prove that if dimM ≥ 6 then a Killing field X with a special Kähler potential X is in U an eigenvector of the Ricci tensor S of (M, g, J). This fact does not hold if dimM = 4 as Derdzinski shows in [D] .
Theorem 3.3. Let X = J(∇τ ) be a holomorphic Killing field with a special Kähler potential on a Kähler manifold (M, g, J) and dim
and functions Λ, M are smooth in U . We have 2Λ + 2(n − 1)M = −∆τ and
where
On the other hand
Corollary.
. Now we show that the function Λ, M satisfy equations dΛ ∧ dτ = 0 = dM ∧ dτ if dimM ≥ 6 which is equivalent to the fact that X is an eigenfield of the Ricci tensor S.
Hence
We also have
Thus ∇Λ ∈ Γ(V) and this relation remains true also for dimM = 4 and dM = −2
Hence dΛ(JX) = −2(n − 1)M (M − Λ) + λQ which means that λQ = qQ + 2(n − 1)M (M − Λ), where dΛ = −qdτ , and then dΛ(JX) = −dΛ(∇τ ) = qQ.
There exists a constant c such that
Hence if α is not identically 0 then (3.14)
We can assume that c = 0 replacing τ by τ − c. In the case dimM = 4 we have to assume, that X is an eigenfield of the Ricci tensor S to obtain the above relations. Let Y ∈ H, then dτ (Y ) = dτ (JY ) = 0. Hence for any Z ∈ X(M ) we get
which implies
where we assume that
Proposition 3.4. Let X = J(∇τ ) be a holomorphic Killing field on a Kähler manifold (M, g, J) . Then in U = {x : X x = 0} the following conditions are equivalent: (c) ⇒ (a) Since Xg(X, X) = 0 then g(∇ X X, X) = 0 and ∇ X X = λJX which means that
In particular
Consequently if we denote
4. Local holomorphic Killing vector field on U . Let (M, g, J) be a Kähler manifold of dimension 2n ≥ 4 admitting a global, complex homothetic foliation F by curves, which is totally geodesic and holomorphic . We shall show in this section using the ideas from [J] that for every x ∈ U there exists an open neighborhood V ⊂ U of x and a function f ∈ C ∞ (V ) such that X V = f Jξ is a Killing vector field in V , which we shall call a local special Killing vector field (see also [Ch-N] ). Let V be a geodesically convex neighborhood of x in U . Then V is contractible. Note that the form φ = −p * η, where p * = g(∇ Jξ Jξ, ξ) is closed in U , since by (2.7), dφ = −dp * ∧ η = 0. Consequently there exists a function F ∈ C ∞ (V ) such that
which means that the field f Jξ is a Killing vector field in V .We get
which proves our claim. Note that if F 1 is another solution of (4.1) then F 1 = F +D for a certain constant D ∈ R. It follows that f 1 = exp F 1 = CF , where C = exp D.
Consequently X 1 = f 1 Jξ = Cf Jξ = CX. Recall here the well known general fact, that if X, Y ∈ iso(M ) are Killing vector fields on connected Riemannian manifold
and
, which means that X V is a holomorphic Killing vector field with a Kähler potential τ . Proof. Let us note that g(∇ċC,ċ) = 0 since this property is valid for Killing vector fields. It follows that the function g(ċ, C) is constant. Let k ∈ (0, l). Then c([0, k]) ⊂ U . For every t ∈ [0, k) there exists a geodesically convex open neighborhood V t of the point c(t) and a special Killing vector field X Vt = f t Jξ on V t defined in Section 4. The field X Vt is defined uniquely up to a constant factor. From the cover {V t } : t ∈ [0, k] of the compact set c([0, k]) we can choose a finite subcover {V t1 , V t2 , ..., V tm }. Let c i be the part of geodesic c contained in ((t i , t i+1 ) ). We define the Killing vector field X i in every
Consequently, on V i , |C| = f i . From (2.7) and (4.1) it follows that
From (5.7) it is clear that lim k→l− |C(k)| = 0. Since |g(ċ(t), C(t)) ≤ |C(t)| and g(ċ, C) is constant it follows that |g(ċ(t), C(t))| ≤ lim t→l |C(t)| = 0 which means that g(ċ, C) = 0.♦ 6. Global holomorphic Killing vector field on M . From now on we assume that (M, g, J) is a complete Kähler manifold with totally geodesic, holomorphic, complex homothetic foliation F , dim M ≥ 4 and the set U = {x ∈ M : κ(x) = 0} is non-empty. Let K = {x ∈ M : κ(x) = 0}.
Theorem 6.1. The set U is connected and the set K has an empty interior.
Proof. Let U 1 be a non-empty component of the set U = M − K. Let x 0 ∈ U 1 and let us assume the set int K ∪ (U − U 1 ) is non-empty. Let x 1 ∈ int K ∪ (U − U 1 ). Then x 1 = exp x0 lX for a certain unit vector X ∈ T x0 M and l > 0. Let V ⊂ U 1 be a geodesically convex neighborhood of x 0 and X V = f V Jξ the local Killing vector field on V . Let C be the Jacobi vector field along the geodesic c(t) = exp x0 tX satisfying the initial conditions:C(0) = X V (x 0 ), ∇ċC(0) = ∇ċX V (x 0 ). It follows that the field C is a special Jacobi field along c. In particular g(X, X V (x 0 )) = 0 since the geodesic c meets K. Since the set int K ∪ (U − U 1 ) is open there exists an open neighborhood W ⊂ int K ∪ (U − U 1 ) of the point x 1 . The mapping T x0 M ∋ Y → exp x0 lY ∈ M is continuous hence there exists an open neighborhood P of X in T x0 M such that exp x0 lP ⊂ int K ∪(U −U 1 ). We can find a vector X 1 ∈ P such that g(X 1 , X V (x 0 )) = 0. The field C 1 along the geodesic d(t) = exp x0 tX 1 defined by the initial conditions C 1 (0) = X V (x 0 ), ∇ḋC 1 (0) = ∇ḋ (0) X V is a special Jacobi field along a geodesic d which meets K. It follows that g(ḋ, C 1 ) = 0 along d. In particular for t = 0 we obtain g(X 1 , X V (x 0 )) = 0 which is a contradiction. Consequently int K ∪ (U − U 1 ) = ∅.♦ Let x 0 ∈ U and let V = exp x0 W be a geodesically convex open neighborhood of x 0 , where W ⊂ T x0 M is a star shaped open neighborhood of 0 ∈ T x0 M . For every X ∈ W let l(X) = sup{t : tX ∈ W }. Hence if the sphere
there is defined a special Killing vector field
} is open and star shaped. Proof. We shall use the notation introduced above. Since V ′′ is contractible there exists a special Killing vector field X V ′′ defined on V ′′ . Let us define a differentiable field X on V by the formula: X(exp x0 u) = J u (1) where u ∈ W and J u is a Jacobi vector field along a geodesic c(t) = exp x0 (tu) satisfying the initial conditions:
It is clear that X is a differentiable vector field and that X |V ′′ = X V ′′ . Since the set V ′′ is dense in V it follows that X is a Killing vector field in V . In fact if we write T = ∇X then for every Y, Z ∈ X(V ) we have g(T Y, Z) = −g(Y, T Z) on V ′′ and both sides are differentiable functions on V . Thus the relation remains valid on V which means that X is a Killing vector field on V . Note that
be two open, geodesically convex sets. Then the set V 1 ∩ V 2 − K is connected. The proof of this is similar to the proof of Theorem 6.1. Since the sets V ′′ 1 ⊂ V 1 − K, V ′′ 2 ⊂ V 2 − K are contractible there exist special Killing vector fields X 1 = f 1 Jξ, X 2 = f 2 Jξ on these sets. These Killing fields can be extended on V 1 − K, V 2 − K in such a way that f i = exp F i where F i satisfy equation (4.1).
The fields X 1 , X 2 can be extended to the Killing fields on V 1 , V 2 respectively such that X i|K∩Vi = 0. It is clear that for these extensions which we also denote by X 1 , X 2 the equation
Now we shall prove: 
These constants satisfy the co-cycle condition C ij C jk C ki = 1. Consequently the constants
Ci . Let us define the field X on M by the formula X |Vi = C i X i . Then it is clear that X is a well defined, global vector field and X ∈ X(M ). Since X |Vi is a Killing vector field on every V i it follows that X is a Killing vector field. Now let φ = −(JX) ♭ . Then dφ = 0, since this equation is satisfied on every V i . On the other hand the first de Rham group of M vanishes:
Consequently there exists a function τ ∈ C ∞ (M ), such that φ = dτ . Note also that ∇dφ is Hermitian, which means that X is holomorphic. Thus X = J(∇τ ) is a holomorphic Killing vector field with a Killing potential τ . Note that in view of (4.5) the special Killing field constructed by us is a Killing vector field with a special Kähler potential τ , which is an eigenfield of the Ricci tensor by Prop. 3.1. ♦ Corollary 6.4. Let (M, g, J) be a complete Kähler manifold of dimension 2n ≥ 4 with totally geodesic, holomorphic complex homothetic foliations by curves. Let α x0 = 0 at least at one point x 0 ∈ M and let (M ,g) be the Riemannian universal covering space of (M, g, J) . Then there exists on (M ,g) a non-zero holomorphic Killing vector field X with a special Kähler potential such that X is an eigenfield of the Ricci tensor of (M ,g).
Remark. Note that if dimM ≥ 6 then for every special Kähler potential τ the vector field J(∇τ ) is automatically eigenfield of the Ricci tensor S of (M, g) (see Th.3.3). If dimM = 4 then from Th.6.3 it follows that in our case τ is a special
7. Construction of Kähler manifolds. In our construction we shall follow Bérard Bergery (see [Ber] , [S] ) rather then Derdziński and Maschler, although we shall use the generalization of classification theorem by ) to classify Kähler manifolds with complex homothetic foliation by curves. These two approaches are equivalent. Let (N, h, J) be a simply connected Hodge manifold,i.e. (N, h, J) is a Kähler manifold and the cohomology class { s 2π Ω N } is an integral class. We also assume that dim N = 2m > 2. Let s ≥ 0, L > 0, s ∈ Q, L ∈ R and r : [0, L] → R be a positive, smooth function on [0, L] with r ′ (t) > 0 for t ∈ (0, L), which is even at 0 and L, i.e. there exists an ǫ > 0 and even, smooth functions r 1 , r 2 : (−ǫ, ǫ) → R such that r(t) = r 1 (t) for t ∈ [0, ǫ) and r(t) = r 2 (L−t) for t ∈ (L − ǫ, L]. If s = 0 then it is clear that the function f = 2 s rr ′ is positive on (0, L) and f (0) = f (L) = 0. Let P be a circle bundle over N classified by the integral cohomology class { s 2π Ω N } where Ω N is the Kähler form of (N, h, J) . On the bundle p : P → N there exists a connection form θ such that dθ = sp * Ω N where p : P → N is the bundle projection. Let us consider the manifold (0, L) × P with the metric . We shall prove it in section 9. The proof coincides with the proof in [J] . This time we do not assume that (N, h, J) is Einstein. It is known that the metric (7.1) extends to a metric on a sphere bundle M = P × S 1 CP 1 if and only if the function r is positive and smooth on (0, L), even at the points 0, L, the function f is positive, smooth and odd at the points 0, L and additionally
If f = 2rr ′ s for r as above, then (7.3) means that
8. Circle bundles. Let (N, h, J) be a Hodge manifold with integral class { s 2π Ω N }, where s ∈ Q and let p : P → N be a circle bundle with a connection form θ such that dθ = sΩ N (see [K] ). Let us assume that dimN = 2m = 2(n − 1). Let us consider a Riemannian metric g on P given by
where a, b ∈ R. Let ξ be the fundamental vector field of the action of S 1 on P i.e. θ(ξ) = 1, L ξ g = 0. It follows that ξ ∈ iso(P ) and a 2 θ = g(ξ, .). Consequently
Note that there exists a tensor fieldJ on P such thatJξ = 0 andJ(X) = (JX * ) H where X = X H * ∈ T P is the horizontal lift of X * ∈ T N (i.e. θ(X H * ) = 0) and X * = p(X). Indeed L ξ T = 0 and T ξ = 0 hence T is the horizontal lift of the tensorT . Now J = 2b 2 sa 2T . Since T ξ = 0 we get ∇T (X, ξ) + T 2 X = 0 and R(X, ξ)ξ = −T 2 X. Thus g(R(X, ξ)ξ, X) = ||T X|| 2 and
We shall compute the O'Neill tensor A (see [ON] ) of the Riemannian submersion p : (P, g) → (N, b 2 h). We have
Let us write u = V(∇ HE HF ) and v = H(∇ HE VF ). The vertical component of a field
If E is horizontal and F is vertical then
Hence A E ξ = T E and ||A E ξ|| 2 = ||T E|| 2 = s 2 a 4 4b 4 . It follows that
where K(P EF ) denotes the sectional curvature of the plane generated by vectors E, F . If E, F ∈ H then
where E * denotes the projection of E on M i.e. E * = p(E). Thus
where K 0 stands for the sectional curvature of the metric h on N . Applying this we get for any E ∈ H the formula for the Ricci tensor ρ of (M, g):
where ρ 0 is a Ricci tensor of (M, h). Now we shall find a formula for R(X, ξ)Y where X, Y ∈ H. We have R(X, ξ)Y = ∇T (X, Y ) and
Consequently R(X, Y, Z, ξ) = 0 for X, Y, Z ∈ H,and
Hence ρ(ξ, X) = 0 if g(X, ξ) = 0 and ξ is an eigenfield of ρ. Note that the Ricci tensor ρ has at a point x ∈ P k + 1 eigenvalues where k is the number of eigenvalues of ρ 0 at a point p(x).
In this case the O'Neill tensor A = 0. We shall compute the O'Neill tensor T (see [ON] ). Note that, since L ξ θ = 0, the field ξ is the Killing vector field for ((0, L) × P, g), 
dt be the horizontal vector field for this submersion and D be the distribution spanned by the vector fields H, ξ. If U, V ∈ V (here V temporary denotes the vertical distribution of the above Riemannian submersion) and g(U, V ) = 0 then T (U, V ) = 0. Let U ∈ V, g(U, ξ) = 0 and U = U * * with h(U * , U * ) = 1, then the following formula holds
Now we shall prove that the almost complex structure defined by
where X * ∈ T N , is a Kähler structure with respect to the metric g. The proof is similar to that in [J] although now we do not assume that (N, h) is Einstein. We if g(U, V ) = 0 and
for a unit vector field U as above. Note also that the distribution D spanned by the vector fields ξ, H is totally geodesic. Consequently if X, Y, Z ∈ Γ(D) and V is as above then
On the other hand for U, V as above and with g(U, V ) = 0, g(U, U ) = g(V, V ) = 1 we get
and consequently
for any V ∈ E. It means that at any point the number of eigenvalues of ρ is k + 1 where k is the number of eigenvalues of the Ricci tensor of (N, h) at the corresponding point. Hence in general the special Kähler potential is not the special Kähler-Ricci potential. However the distributions D, E are stil orthogonal with respect to ρ. 
